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This article deals with the global solutions and blow-up problems for the
 m.  . n.  .convective porous medium equation u s u q mrn u , x g 0, 1 , t ) 0,t x x x
 m.  . p .  m.  .with the nonlinear boundary conditions y u 0, t s au 0, t , u 1, t s 0,x x
 .  . w xand positive initial data u x, 0 s u x ) 0, x g 0, 1 . Here, m, n, m, a, and p0
are all positive constants. Necessary and sufficient conditions for the global
existence of all positive solutions are obtained. Q 1997 Academic Press
1. INTRODUCTION
In this paper, we study the global existence and blow-up problems of
positive solutions of the following convective porous medium equation
m¡ m nu = u q u , 0 - x - 1, t ) 0, .  .x x xn~ 1.1 .m p my u 0, t s au 0, t , u 1, t s 0, t ) 0, .  .  .  .  .x x¢u x , 0 s u x , 0 F x F 1, .  .0
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 .where the constants m, n, m, p, a are positive and the initial data u x are0
bounded positive functions. Our main objective is to obtain the necessary
and sufficient conditions for the global existence of all positive solutions.
 .From a physical point of view, the differential equations in 1.1 have
been suggested as some models, for example, the unsaturated flow of
water through a homogeneous, isotropic, rigid porous medium n G m G
.1 ; and the compressible flow of a gas through a saturated porous medium
 . w xn s 1 F m , see 2]4 and the references therein. The nonlinear bound-
 .ary condition in 1.1 prescribed at x s 0 can be physically interpreted as a
w xnonlinear radiation law, which here is actually an absorption law, see 7 .
 .Equation 1.1 with m s 0 has been studied by many authors, and
necessary and sufficient conditions for the global existence of positive
w xsolutions of this equation have been obtained, see 5, 8]10 .
w xThe motivation of our work comes from the recent studies 2, 3, 6 . In
w x2, 3 , the bifurcation and stability of stationary solutions for the problems
m¡ m nu s u q u , 0 - x - 1, t ) 0, .  .x x xt n~ m pu 0, t s 0, u 1, t s au 1, t , t ) 0, .  .  .  .x¢u x , 0 s u x , 0 F x F 1 .  .0
and
m¡ m nu s u q u , 0 - x - 1, t ) 0, .  .x x xt n~ m py u 0, t s au 0, t , u 1, t s 0, t ) 0, .  .  .  .x¢u x , 0 s u x , 0 F x F 1 .  .0
w xwere studied. In 6 , necessary and sufficient conditions for the global
existence of all solutions were obtained for the problem
m¡ m nu s u q u , 0 - x - 1, t ) 0, .  .x x xt n~ m m pu 0, t s 0, u 1, t s au 1, t , t ) 0, .  .  .  .  .x x¢u x , 0 s u x ) 0, 0 F x F 1. .  .0
 .  .Let y s 1 y x, and denote y by x and u 1 y x by u x . Then0 0
 .problem 1.1 becomes
m¡ m nu s u y u , 0 - x - 1, t ) 0 .  .x x xt n~ 1.2 .m m pu 0, t s 0, u 1, t s au 1, t , t ) 0, .  .  .  .  .x x¢u x , 0 s u x , 0 F x F 1. .  .0
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 .In this paper we discuss problem 1.2 . Because the values of m and a do
not affect our arguments, we take m s a s 1.
2. PRELIMINARIES AND MAIN RESULTS
 .  .Denote V 0, 1 , Q s V = 0, T for any given T ) 0.T
 . w x  .DEFINITION. A function u x, t , defined everywhere on 0, 1 = 0, T
 .  .and almost everywhere on V, is called a lower an upper solution of 1.2
in Q if the following all hold.T
 . ` .i u g L Q for any 0 - t - T ,t
 .  .  .  .ii u x, 0 F G u x on V,0
2, 1 . w .  .   ..iii for every t g 0, T and c g C Q l C V = 0, T lT
 .V Q , the following holds,T
1
u x , t c x , t dx .  .H
0
11 t 1 m nF G u x c x , 0 dx q uc q u c q u c dx ds .  .  .H HH0 s x x xn0 0 0
1t p n mq u 1, s y u 1, s c 1, s y u 1, s c 1, s .  .  .  .  .H x n0
1
m nqu 0, s c 0, s q u 0, s c 0, s ds, .  .  .  .x 5n
 .  < < < 2 . 4where V Q s c c , =c , Dc g L Q and c G 0 .T t T
 .  .A function u x, t is called a solution of 1.2 in Q if it is both a lowerT
 .solution and an upper solution of 1.2 in Q .T
w xBy Theorems 2.1, 2.2, and 2.3 of 1 we have
 .PROPOSITION 2.1. i There exist T ) 0 and a unique noncontinuable
 .  .  .solution u x, t of 1.2 in Q satisfying u x, t G d for some small d ) 0.T
Moreo¨er, if T - q`, then
5 5lim sup u ?, t s q`. . `ytªT
 .  .  .ii Suppose that u x, t and u x, t are the upper and lower solutions of
 .  .  .1.2 in Q , respecti¨ ely. If u x, 0 G u x, 0 G d for some small d ) 0, thenT
 .  .u x, t G u x, t on Q .T
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Using Proposition 2.1 we ha¨e
 .   ..  .PROPOSITION 2.2. Suppose that u x, t u x, t is a classical upper lower
 .  .  .   .  . .solution of 1.2 . If u x, 0 G u x u x G u x, 0 G d ) 0 , then the0 0
 .  .solution u x, t of 1.2 satisfies
u x , t F u x , t u x , t G u x , t . .  .  .  . .
Our main results read as follows:
 .  .THEOREM 1. Assume that u x, t is the solution of 1.2 and m G 1.
 .  .i Suppose that p - n. If n ) m, then u x, t exists globally. If n F m,
 .  .then p F 1 implies that u x, t exists globally; p ) 1 implies that u x, t
blows up in finite time.
 .  .ii Suppose that p G n, then p F 1 implies that u x, t exists globally;
 .p ) 1 implies that u x, t blows up in finite time.
 .  .THEOREM 2. Assume that u x, t is the solution of 1.2 and m - 1.
 .  .i If 2 p F m q 1, then u x, t exists globally.
 .  .ii Suppose that 2 p ) m q 1, then p - n implies that u x, t exists
 .globally; p ) n implies that u x, t blows up in finite time; p s n F 1 implies
 .  .that u x, t exists globally; p s n ) 1 implies that u x, t blows up in finite
time.
Our Theorems 1 and 2 give a complete answer to the global existence
 .and blowing up in finite time of solutions of 1.2 . The main approach to
the proofs of our theorems is based on the upper and lower solutions and
 .the comparison principle Proposition 2.2 . Throughout this paper we
denote q s p y m q 1.
3. PROOF OF THEOREM 1
We divide the proof into some lemmas. It is helpful to remember in this
section that m G 1.
 .LEMMA 3.1. If p F 1, then u x, t exists globally.
Proof. Since m G 1 and p F 1 we have that q s p y m q 1 F 1. Let
 .w s be the solution of
w9 s s w q s rm , s ) 0; w 0 s max u x q 1. 3.1 .  .  .  .  .0
V
CONVECTIVE POROUS MEDIUM EQUATIONS 53
 . w .  .Then w s exists on 0, q` . Let g t be the solution of
g 9 t s 2mw my 1 g t q 1 , t ) 0; g 0 s 0. 3.2 .  .  .  . .
 . w .Then g t exists on 0, q` because m y 1 q q s p F 1. Set
2u x , t s w g t q x q 1 r2 . .  .  . .
 .Then u x, t exists globally and
u x , 0 ) w 0 ) u x , 0 F x F 1. 3.3 .  .  .  .0
By direct computation we have
m n my1 2 py1 ny1u y 1rn u s w9 t mw t q px w t y xw t , .  .  .  .  .  .  .x x x
 .  2 .  .  .where t s g t q x q 1 r2. Noting that w t ) w 0 ) 1 and p F m,
one obtains
m n my1u y 1rn u F 2mw t w9 t .  .  .  .  .x x x
F 2mw my 1 g t q 1 w9 t . 3.4 .  .  . .
 .  .Here we have used the facts that t F g t q 1 and w s is increasing.
 .  .Hence, by 3.2 and 3.4 ,
m nu s w9 t g 9 t G u y 1rn u , 0 - x - 1, t ) 0. 3.5 .  .  .  .  .  .x x xt
It is obvious that
m my1 <u 0, t s mw t w9 t x s 0, t ) 0, .  .  .  . xs0x
m my1 mqqy1u 1, t s mu 1, t w9 g t q 1 s u 1, t .  .  .  .  . .x
ps u 1, t , t ) 0. .
 .  .  .  .This, 3.3 , and 3.5 show that u x, t is an upper solution of 1.2 .
 .  .  .Therefore, u x, t F u x, t . Hence u x, t exists globally.
 .LEMMA 3.2. If 1 - p F m - n, then u x, t exists globally.
Proof. Since p F m, we have q s p y m q 1 F 1. Set
exp Aet q x a , if q s 1, .
u x , t s 3.6 .  . .1r 1yqAqt a e q 1 y q x , if q - 1, . .
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 .where a G 3 and A are the undetermined large constants. We will prove
 .  .  .that u x, t defined by 3.6 is an upper solution of 1.2 for suitably large
a and A.
t a tCase 1. q s 1. Define t s Ae q x . Then we have u s e and
t t ay1 t 2 2ay1. ay2 tu s Ae e , u s a x e , u s a x q a a y 1 x e . . .t x x x
Notice that Aet F t F 1 q Aet. By a series of computations we know that
the following holds,
m nu G u y 1rn u , 0 - x - 1, t ) 0 3.7 .  .  .  .x x xt
if
m2a 2 x 2ay1.exp m q mAet q ma a y 1 x ay2exp m q mAet .  .  .
F A exp t q Aet q a x ay1exp nAet , 0 - x - 1, t ) 0. 3.8 .  .  .
Define
 .1r ay2tA exp t q Ae .
x s x t s . .0 0 tma a y 1 exp m q mAe .  .
Then we have
ma a y 1 x ay2 t exp m q mAet s A exp t q Aet , t G 0. 3.9 .  .  .  .  .0
In view of m G p ) 1, it follows that
0 - x t - 1 for all t G 0 and a G 3 .0
 .if we choose A to be large enough. Using a G 3, 3.9 yields
ma a y 1 x ay2exp m q mAet F A exp t q Aet , .  .  .
0 F x F x t , t G 0. 3.10 .  .0
For all a G 3, the following inequality holds,
m2a 2 x 2ay1.exp m q mAet F a x ay1exp nAet , .  .
0 F x F x t , t G 0 3.11 .  .0
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if we choose A to be so large that
 .  .ay1 r ay2tA exp t q Ae .
2 tm aexp m q mAe . t /ma a y 1 exp m q mAe .  .
F exp nAet , t G 0. 3.12 .  .
 .Since 1 - p F m - n, 3.12 is possible.
 . 2When x t F x F 1, we have, for a G 3 and A G m a ,0
m2a 2 x 2ay1.exp m q mAet q ma a y 1 x ay2exp m q mAet .  .  .
F a x ay1exp m q mAet m2a q m a y 1 xy1 t .  .  . .0
s a x ay1exp m q mAet m2a q m a y 1 .  .
 .1r ay2tma a y 1 exp m q mAe .  .
= t 5A exp t q Ae .
a y 1
ay1 2 tF a x m a q m a y 1 exp m 1 q Ae . 3.13 .  .  . .  5a y 2




 .For this fixed a , 3.13 yields
m2a 2 x 2ay1.exp m q mAet q ma a y 1 x ay2exp m q mAet .  .  .
F a x ay1exp nAet , x t F x F 1, t G 0 3.14 .  .  .0
if we choose A to be large enough.
 .  .  .  .  .By 3.10 , 3.11 , and 3.14 we know that 3.8 holds, and hence 3.7
holds.
Using m G p and a G 3, one immediately obtains
mu 0, t s 0, t ) 0, .  .x
m t t pu 1, t s ma exp m q mAe ) exp p q pAe s u 1, t , t ) 0, .  .  .  . .x
a Au x , 0 s exp A q x G e G u x , 0 F x F 1 .  .  .0
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 .  .if A is large. These relations and 3.7 show that, when q s 1, u x, t
 .  .defined by 3.6 is an upper solution of 1.2 for suitably large a and A.
 .  .  .Therefore u x, t F u x, t . Hence u x, t exits globally.
Aq t  . aCase 2. q - 1. For convenience, we denote y s e q 1 y q x .
1r1yq. .Then u x, t s y and
1
qr1yq. Aqt ay1 qr1yq.u s y e , u s a x y ,t x1 y q
ay2 qr1yq. 2 2ay1. 2 qy1.r1yq.u s a a y 1 x y q qa x y . .x x
 .By direct computation we know that 3.7 holds if
mpa 2 x 2ay1. y  pym.r1yq. q ma a y 1 x ay2 y a x ay1 y nym.r1yq. .
1
1ym.r1yq. AqtF y e , 0 - x - 1, t ) 0. 3.15 .
1 y q
Since m ) 1 ) q and y F 1 q e Aq t, it follows that
1 1 1 y m
1ym.r1yq. Aqt Aqty e G exp A q t e . /1 y q 2 1 y q 1 y q .
1 1 y p
s exp A q t . /2 1 y q 1 y q .
if A is so large that
21yq.rmy1. y 1 e A G 1. 3.16 .  .
 .  .Therefore, 3.15 holds if 3.16 holds and
mpa 2 x 2ay1. y  pym.r1yq. q ma a y 1 x ay2 F a x ay1 y nym.r1yq. .
1 1 y p
q exp A q t , 0 - x - 1, t ) 0. 3.17 .  . /2 1 y q 1 y q .
Define
 .1r ay2exp 1 y p r 1 y q A q t .  .  . . .
x s x t s . .0 0  /2ma a y 1 1 y q .  .
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Then we have
1 1 y p
ay2ma a y 1 x t s exp A q t , t G 0. 3.18 .  .  .  .0  /2 1 y q 1 y q .
In view of p ) 1 ) q, it follows that
0 - x t - 1 for all t G 0 and a G 3 .0
 .if we choose A to be large enough. Using a G 3, 3.18 yields
1 1 y p
ay2ma a y 1 x F exp A q t , .  . /2 1 y q 1 y q .
0 F x F x t , t G 0. 3.19 .  .0
Recall that q - 1 - p F m - n and y G e Aq t. Then, for all a G 3, the
inequality




ay1mpa x F exp A q t , 0 F x F x t , t G 0. 3.21 .  .  .0 /1 y q
 .It is obvious that 3.21 holds if
 .  .ay1 r ay2exp 1 y p r 1 y q A q t .  .  . . .
ay1mpa x t s mpa .0  /2ma a y 1 1 y q .  .
n y p
F exp A q t , t G 0. 3.22 .  . /1 y q
 .Since q - 1 - p F m - n, we see that if A is large enough then 3.22
 .holds for all a G 3. Hence 3.20 holds.
 . Aq tWhen x t F x F 1, by q - 1 - p F m and y G e we have, for0
a G 3,
mpa 2 x 2ay1. y  pym.r1yq. q ma a y 1 x ay2 .
ay1  pym.r1yq. y1F a x mpa y q m a y 1 x t .  .0
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ay1F a x mpa q m a y 1 .
 .1r ay22ma a y 1 1 y q .  .
=  /exp 1 y p r 1 y q A q t .  .  . . .
 .1r ay2ay1F a x mpa q m a y 1 2ma a y 1 .  . .
p y 1
=exp A q t . 3.23 .  . 51 y q a y 2 .  .
Using n ) m, q - 1, and y G e Aq t it follows that
n y m
ay1 nym.r1yq. ay1a x y G a x exp A q t . 3.24 .  . /1 y q
There exists a G 3 such that
p y 1 n y m
- .
1 y q a y 2 1 y q .  .
 .  .For this fixed a , it follows from 3.23 and 3.24 that if we choose A to be
large enough then
mpa 2 x 2ay1. y  pym.r1yq. q ma a y 1 x ay2 .
F a x ay1 y nym.r1yq. , x t F x F 1, t G 0. .0
 .  .  .  .From this and 3.19 , 3.20 we see that 3.17 holds. Consequently 3.7
holds.
The following facts are obvious,
mu 0, t s 0, t ) 0, .  .x
m mqqy1 p pu 1, t s ma u 1, t s ma u 1, t G u 1, t , t ) 0, .  .  .  .  .x
 .1r 1yqA au x , 0 s e q 1 y q x ) u x , 0 F x F 1 .  .  . . 0
 .if A is large enough. These relations combined with 3.7 show that, when
 .  .  .q - 1, u x, t defined by 3.6 is an upper solution of 1.2 for suitably large
CONVECTIVE POROUS MEDIUM EQUATIONS 59
 .  .  .a and A. Therefore u x, t F u x, t , so u x, t exists globally. Lemma 3.2
is proved.
 .LEMMA 3.3. If 1 F m - p - n, then u x, t exists globally.
Proof. Since p ) m it follows that q s p y m q 1 ) 1. Let « be a
small positive constant to be determined. We define
1 « «
qy1.r«y s y x , t s 2 q « q y x , and .  /m 1 q t m
1r1yq.u x , t s y . .
 .It will be proved that for any fixed 0 - t - q`, u x, t is an upper0
 . w x w xsolution of 1.2 on 0, 1 = 0, t for suitably small « ) 0. By direct0
computation we have that
« 1
qr1yq. qy1y« .r« qr1yq.u s y , u s x y ,t x2 mq y 1 1 q t .  .
q 1 q y 1
2 qy1y« .r« 2 qy1.r1yq. qy1y2 « .r« qr1yq.u s x y q y 1 x y ,x x 2  /m «m
and
m nu G u y 1rn u , 0 - x - 1, 0 - t F t 3.25 .  .  .  .x x xt 0
if and only if
« 1
2 «q1yq.r« 1yp.r1yq. nyp.r1yq.x y q xy2 mq y 1 1 q t .  .
p q y 1
qy1.r«G x q y 1 y , 0 - x - 1, 0 - t F t . 3.26 .0 /m «
  ..  .Noting that 2« F y F 3 q 1rm « F 4« since m G 1 , we have that,
for 0 F x F 1 and 0 F t F t ,0
«
2 «q1yq.r« 1yp.r1yq.x y
q y 1 1 q t .  .
«  .  .py1 r qy12 «q1yq.r«G x 2« , .2q y 1 1 q t .  .0
q y 1 q y 1 q y 1
y 1 y F y F 4« s 4 q y 1 . . /« « «
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Therefore,
« q y 1
2 «q1yq.r« 1yp.r1yq.x y G y 1 y , 0 F t F t02  /«q y 1 1 q t .  .
3.27 .
if the following holds:
«  .  .py1 r qy12 «q1yq.r«x 2« G 4 q y 1 . 3.28 .  .  .2q y 1 1 q t .  .0
Define
 .«r qy1y2 « py1.rqy1.  pqqy2.rqy1.2 «
x s .0 2 24 q y 1 1 q t .  .0
 .Then 0 - x - 1 if « ) 0 is small. It is obvious that 3.28 holds and in0
 .turn 3.27 holds whenever 0 F x F x .0
Using n ) p, q ) 1, and y F 4« we see that
1 1 p .  .nyp r 1yqnyp.r1yq. qy1.r«xy G x 4« G x , .
m m m
0 F x F x , 0 F t F t 3.29 .0 0
holds if 0 - « - q y 1 and satisfies
 .  .nyp r 1yq4« G p. 3.30 .  .
 .  .For small « ) 0, 3.30 is obvious and in turn 3.29 holds. This shows that
 .3.26 holds for all 0 F x F x .0
Let x F x F 1 and 0 F t F t . Since0 0
1 1  .  .nyp r 1yqnyp.r1yq.xy G x 4« , .0m m
p q y 1 p q y 1 p
qy1.r«x q y 1 y F q y 1 4« F q 4 q y 1 , . /  /m « m « m
 .it follows that 3.26 holds if
1 p .  .nyp r 1yqx 4« G q 4 q y 1 , .  .0m m
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i.e.,
 .«r qy1y2 « py1.rqy1.  pqqy2.rqy1.1 2 «
nyp.r1yq. nyp.r1yq.4 «2 2m 4 q y 1 1 q t .  .0
p
G q 4 q y 1 . 3.31 .  .
m
Using L'Hospital's rule we have
 .«r qy1y2 « pqqy2.rqy1.lim « s 1. .
«ª0
 .Noting that n ) p and q ) 1, we see that 3.31 holds if « ) 0 is small
 .enough. This shows that 3.26 holds for all x F x F 1 and 0 F t F t0 0
 .provided that « ) 0 is small enough. Therefore, 3.26 holds for all
 .0 F x F 1 and 0 F t F t provided that « ) 0 is very small. Hence 3.250
holds.
The following facts are obvious,
mu 0, t s 0, 0 F t F t , .  .x 0
m pu 1, t s u 1, t , 0 F t F t , .  .  .x 0
 .1r 1yq1 «
qy1.r«u x , 0 s 3 q « y x G u x , 0 F x F 1 .  .0 /m m
 .if « ) 0 is sufficient small. These relations combined with 3.25 show that
 .  . w x w x  .u x, t is an upper solution of 1.2 on 0, 1 = 0, t . Therefore u x, t F0
 . w x w x  . w xu x, t on 0, 1 = 0, t , and in turn u x, t exists on 0, t . By the0 0
 .arbitrariness of t we see that u x, t exists globally. Lemma 3.3 is0
proved.
 .LEMMA 3.4. If 1 - p - n F m, then u x, t blows up in finite time.
Proof. From p - m it follows that q s p y m q 1 - 1.
 .  .Step 1. We first assume that min u x s s G 2. Let w s be theV 0
solution of
w9 s s w q s rm , s ) 0; w 0 s 1. 3.32 .  .  .  .
 . w .Then w s is defined on 0, q` , and there exists 0 - h - 1r2 such that
 .  .w s F 2 for all 0 F s F 2h. Let g t be the solution of
my 1 ny1g 9 t s 2h mw g t q h y w g t q h , t ) 0; g 0 s 0. .  .  .  . .  .
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  . .Using m G n ) 1, q q m y 1 s p ) 1, and w g t q h ) 1, it follows
that there exists 0 - T - q` such that0
lim w g t q h s q`. . .
ytªT0
 .   .  2 ..  .Define u x, t s w g t q h x q 1 , then u x, t blows up in finite
 .  .time. We will show that u x, t is a lower solution of 1.2 . In fact, denoting
 .  2 .  .t s g t q h x q 1 and using 3.32 , we have by a series of computations
that
um y 1rn un . .  .x x x
2 py1 my1 ny1s 2hw9 t 2 ph x w t q mw t y xw t .  .  .  .
G 2hw9 t mw my 1 t y w ny1 t . .  .  . .
 .  .  .Since m G n ) 1, w9 t ) 0, w t ) 1, and t G g t q h, it follows that
um y 1rn un . .  .x x x
my 1 ny1G 2hw9 t mw g t q h y w g t q h .  .  . .  .
s w9 t g 9 t s u , 0 - x - 1, t ) 0, .  . t
um 0, t s 0, t ) 0, . . x
um 1, t s mumy 1 1, t u 1, t s 2hmw my 1 t w9 t .  .  .  .  . . xx
s 2hw mq qy1 t s 2hw p t F w p t s u p 1, t , t ) 0, .  .  .  .
u x , 0 s w h x 2 q 1 F w 2h F 2 F u x , 0 F x F 1. .  .  .  . . 0
 .  .  .  .This shows that u x, t is a lower solution of 1.2 . Hence u x, t G u x, t .
 .Therefore u x, t blows up in finite time.
 .Step 2. In the general case, suppose that u x, t exists globally. Define
 .  .  .s s min u x . Then s ) 0. Let w x, t be the solution of 1.2 withV 0
 .  .  .initial data w x, 0 s s . Then u x, t G w x, t by the comparison princi-
ple. Using a standard method it can be proved that
w x , t G s , w x , t G 0 and w x , t G 0, 0 F x F 1, t ) 0. .  .  .t x
3.33 .
In the following we prove that there exists t ) 0 such that0
w 0, t s min w x , t G 2. 3.34 .  .  .0 0
V
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 .If this assertion is not true, then w 0, t F 2 for all t G 0. Since w G 0 wet
have
w m G 1rn w n , 0 - x - 1, t ) 0. .  .  .x x x
w xIntegrating this inequality with respect to x over 0, 1 , we have by the
 .boundary conditions of 1.2 that
1 1 1 1
p n n n nw 1, t G w 1, t y w 0, t G w 1, t y 2 , t ) 0. .  .  .  .
n n n n
 . w .Since p - n, it follows that w 1, t is bounded in 0, q` . By a standard
 .  .  .method it can be proved that the limit lim w x, t s w x exists, w xÄ Ät ªq`
is nondecreasing in x, and w satisfiesÄ
¡ m nw 0 y 1rn w 9 s 0, 0 - x - 1, .  .  .Ä Ä
m m p~ w 9 0 s 0, w 9 1 s w 1 , .  .  .  .  . 3.35Ä Ä Ä  .¢w x G w 0 G s ) 0. .  .Ä Ä
 .Using the maximum principle we see that 3.35 is impossible. Therefore,
 .3.34 holds for some t ) 0.0
 .  .We may regard w x, t as the initial data of w x, t . From Step 1 it0
 .  .follows that w x, t blows up in finite time, and hence so does u x, t . But
 .this is a contradiction to the assumption that u x, t exists globally. Thus
 .u x, t blows up in finite time. Lemma 3.4 is proved.
 .LEMMA 3.5. If p ) n and p ) 1, then u x, t blows up in finite time.
 .  .Proof. Define s s min u x . Then s ) 0. Let w x, t be the solutionV 0
 .  .  .  .of 1.2 with initial data w x, 0 s s . Then u x, t G w x, t . By arguments
 .similar to those in the proof of Lemma 3.4 we have 3.33 . To prove that
 .  .u x, t blows up in finite time, we need only prove that w x, t blows up in
finite time.
 . w xIntegrating 1.2 with respect to x over 0, 1 we have
d 1 11 p n nw x , t dx s w 1, t y w 1, t q w 0, t , t ) 0. 3.36 .  .  .  .  .Hdt n n0
 .Since w G 0 and 3.35 has no solution, we see from the proof of Lemmax
 .  .  .1r pyn.3.4 that w 1, t is unbounded. Therefore w 1, t G 3rn for some0
 .  .1r pyn.  .t ) 0. Hence w 1, t G 3rn for all t G t because w x, t G 0.0 0 t
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 .Equality 3.36 implies that
d 2 1 1 21 p p n pw x , t dx G w 1, t q w 1, t y w 1, t G w 1, t , .  .  .  .  .Hdt 3 3 n 30
t G t ,0
21 1 t pw 1, t G w x , t dx G w x , t dx q w 1, t dt , t G t . .  .  .  .H H H0 030 0 t0
 .Since p ) 1 it follows that w 1, t blows up in finite time and so does
 .u x, t . The proof of Lemma 3.5 is complete.
 .LEMMA 3.6. If p s n ) 1, then u x, t blows up in finite time.
Proof. The proof is similar to that of Lemma 3.5.
Now we complete the proof of Theorem 1. Since m G 1,
 .i if p - n and n ) m, by Lemmas 3.1, 3.2, and 3.3 we know that
 .  .u x, t exists globally. If p - n F m and p F 1, u x, t exists globally
 .by Lemma 3.1. If 1 - p - n F m, u x, t blows up in finite time by
Lemma 3.4.
 .  .ii If 1 G p G n, u x, t exists globally by Lemma 3.1. If p G n and
 .p ) 1, u x, t blows up in finite time by Lemmas 3.5 and 3.6.
The proof of Theorem 1 is complete.
4. PROOF OF THEOREM 2
We divide the proof into some lemmas. In this section m - 1.
 .LEMMA 4.1. If 2 p F m q 1, then u x, t exists globally.
Proof. From m - 1 it follows that p - 1. If p F m, then q s p y
m q 1 F 1. By arguments similar to those in the proof of Lemma 3.1 we
 .have that u x, t exists globally. If p ) m, then q s p y m q 1 ) 1. By
w xarguments similar to those in the proof of Lemma 4.1 of 6 we have that
 .u x, t exists globally. The proof is complete.
 .LEMMA 4.2. If 2 p ) m q 1 and p - n, then u x, t exists globally.
Proof. Since m - 1 and 2 p ) m q 1 we have p ) m. Hence m - p -
n and q s p y m q 1 ) 1. By arguments similar to those in the proof
 . of Lemma 3.3 we have that u x, t exists globally we need only use
  .. .3 q 1rm « instead of 4« in the proof of Lemma 3.3 . Lemma 4.2 is
proved.
 .LEMMA 4.3. If 2 p ) m q 1 and p ) n, then u x, t blows up in finite
time.
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Proof. Since m - 1 and 2 p ) m q 1 we have p ) m, consequently,
q s p y m q 1 ) 1.
When p ) 1, the proof is the same as that of Lemma 3.5.
 .When p F 1, we assume that u x, t exists globally. As in Step 2 of the
 .  .proof of Lemma 3.4, we define s s min u x , s ) 0, and let w x, t beV 0
 .  .  .  .the solution of 1.2 with initial data w x, 0 s s . Then w x, t F u x, t
 .  .  .and 3.33 holds. It follows that lim w 1, t s q` because 3.35 hast ªq`
 .  .no solution. By the continuity of w x, t we see that there exist x g 0, 10
 .  .  .and T ) 0 such that w x , T G B q 1. Hence by 3.33 , w x, t G B q 10 0 0
for all x F x F 1 and t G T , where0 0
 .1r pynB ) 1 if p s 1; B ) 1 y n rp 1 y p if p - 1. 4.1 .  .  . .
 .  .Case 1. If w x , t is unbounded, by 3.33 we have that there exist0
 .x g x , 1 , T G T , and A ) B such that1 0 0
q y 1¡ 1yq 1yq 1yqA - 1 y x - B y A , and .1~ 4.2m  .¢w x , t G A for all x F x F 1 and t G T . . 1
 .Let ¨ x, t be the solution of
¡ m n¨ s ¨ y 1rn ¨ , x - x - 1, t ) T , .  .  .x x xt 1
m p~¨ x , t s w x , T , ¨ 1, t s ¨ 1, t , t ) T , .  .  .  .  . 4.3 .x1 1¢¨ x , T s w x , T , x F x F 1. .  . 1
 .  .  .Since w x , t G w x , T s ¨ x , t , it follows by the comparison principle1 1 1
 .  .that w x, t G ¨ x, t for all x F x F 1 and t G T. We will prove that1
 .  .¨ x,t blows up in finite time. Let w s be the solution of
w9 s s w q s rm , s ) 0; w 0 s B , 4.4 .  .  .  .
 .  1yq  . .1r1yq.  .i.e., w s s B y q y 1 srm . Then w s is well defined in
w .  . 1yq  .  .0, s and w s G B, where s s mB r q y 1 . By 4.2 we have0 0
 .1 y x - s . Let g t be the solution of1 0
¡ ny1g 9 t s 1 y w g t , t ) T ; g T s 0, if p s 1, .  .  . .
py1 ny1~ 4.5 .g 9 t s pw g t q 1 y x y w g t q 1 y x , t ) T ; .  .  . .  .1 1¢ g T s 0, if p - 1. .
 .  .Then g 9 t ) 0 by w G B and 4.1 . Using q q p y 1 s 2 p y m ) 1 and
 .  .p ) n, it follows from 4.4 and 4.5 that there exists T : T - T - q`1 1
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such that
lim w g t s q` if p s 1; . .
ytªT1
lim w g t q 1 y x s q` if p - 1. . .1ytªTt
 .   . .  .Let ¨ x, t s w g t q x y x . Then ¨ x, t blows up in finite time T ,1 2
 .  .where T - T F T and satisfies g T q 1 y x s s . Denote t s g t q2 1 2 1 0
x y x . Then we have1
¨ s w9 t g 9 t , 4.6 .  .  .t
¨ m y 1rn ¨ n s w9 t pw py1 t y w ny1 t . 4.7 .  .  .  .  . .  .  .x x x
 .  .When p s 1, in view of n - p s 1, w9 s ) 0, and t G g t , we have
py1 . ny1 . ny1 . ny1  ..pw t y w t s 1 y w t G 1 y w g t . When p - 1, in
 .  .  . view of w9 s ) 0, t F g t q 1 y x and w G B ) 1 y n rp 1 y1
..1r pyn. py1 . ny1 . py1  . .p , we have pw t y w t G pw g t q 1 y x y1
ny1  . .  .  .w g t q 1 y x . From these facts and 4.5 ] 4.7 we have1
¨ F ¨ m y 1rn ¨ n , x - x - 1, T - t - T . 4.8 .  . .  .t 1 2x x x
 .  .Noting that T - t - T , we have by 4.2 and 4.3 that2
¨ x , t s w g t F w g T s w s y 1 y x .  .  .  . .  .  .1 2 0 1
 .1r 1yq1yqs B y q y 1 s y 1 q x rm .  .0 1
 .1r 1yqs q y 1 1 y x rm .  .1
- A F w x , T s ¨ x , t , 4.9 .  .  .1 1
¨ m 1, t s m¨ my 1¨ 1, t s mw my 1w9 s w mq qy1 s ¨ p 1, t , 4.10 .  .  .  . . xx
¨ x , T s w x y x F w 1 y x .  .  .1 1
 .1r 1yq1yqs B y q y 1 1 y x rm .  .1
- A F w x , T s ¨ x , T , x F x F 1. 4.11 .  .  .1
 .  .  .  .Relations 4.8 ] 4.11 show that ¨ x, t is a lower solution of 4.3 , that is,
 .  .  .  .¨ x, t G ¨ x, t . Hence, ¨ x, t blows up in finite time. Hence w x, t , and
 .in turn u x, t blows up in finite time.
 .  .Case 2. If w x , t is bounded, then w x , t F M for some M ) B and0 0
 .  .all t G T . It follows from 3.33 that w x, t F M for all 0 F x F x and0 0
 .  .  .t G T. Hence lim w x, t s w x exists and w x is nondecreasing inÄ Ät ªq`
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 .x. Using standard methods we know that w x satisfiesÄ
w m 0 s 1rn w n 9, 0 - x F x , .  .  .Ä Ä 0
w m 9 0 s 0, w x G B q 1, .  .  .Ä Ä 0
w x G w 0 G s ) 0, 0 F x F x . .  .Ä Ä 0
 .It follows by the maximum principle that w x ' c G B q 1. SinceÄ
 .  .  .lim w 0, t s w 0 G B q 1, there exists T ) T such that w 0, t GÄt ªq` 3 0
 .  .B q 1r2 for all t G T . Relation 3.33 yields that w x, t G B q 1r2 for3
all 0 F x F 1 and t G T .3
We choose A to be so large, such that A ) B and
q y 1
1yq 1yq 1yq 1yqA - , A - B y A . 4.12 .
2m
 .  .The fact that lim w 1, t s q` implies that there exist x g 0, 1t ªq` 2
 .  .and T ) T such that w x , T G A q 1 and hence w x, t G A q 1 for4 3 2 4
 .all x F x F 1 and t G T . If w x , t is unbounded, by Case 1 we get that2 4 2
 .  .w x, t blows up in finite time. If w x , t is bounded, by arguments similar2
to those in the paragraph above we get that there exists T ) T such that5 4
w x , t G A q 1r2 for all 0 F x F 1 and t G T . 4.13 .  .5
 .  .  .Inequalities 4.12 and 4.13 yield that there exists x g 0, 1 such that3
q y 1
1yq 1yq 1yqA - 1 y x - B y A , .3m
w x , t ) A , x F x F 1, t G T , . 3 5
 .  .i.e., 4.2 holds. By Case 1 we know that w x, t blows up in finite time.
 .  .Thus, w x, t blows up in finite time. Therefore, so does u x, t . The
proof of Lemma 4.3 is complete.
 .LEMMA 4.4. If 2 p ) m q 1 and p s n ) 1, then u x, t blows up in
finite time.
Proof. The proof is the same as that of Lemma 3.6.
 .LEMMA 4.5. If 2 p ) m q 1 and p s n F 1, then u x, t exists globally.
 .  .  .Proof. Let b s 1 q max u x and w x, t be the solution of 1.2V 0
 .  .  .with initial data w x, 0 s b. Then w x, t G u x, t and
w x , t G b , w x , t G 0, and w x , t G 0. 4.14 .  .  .  .t x
WANG AND CHEN68
 . w xIntegrating the equation of 1.2 with respect to x over 0, 1 , we have by
 .p s n F 1 and 4.14 that
d 1 11 n n nw x , t dx s w 1, t y w 1, t q w 0, t .  .  .  .Hdt n n0
1 1 1n nF w 0, t F w x , t dx , .  .Hn n 0
n
1 1nw x , t dx F w x , t dx .  .H H /0 0
n11 t 1 nF w x , 0 dx q w x , t dx dt .  .H HH /n0 0 0
11 t 1 nF w x , 0 dx q w x , t dx dt , .  .H HHn0 0 0
 .here w x, 0 G 1 is used. Gronwall's inequality yields
1 n ctw x , t dx F Me , t G 0 4.15 .  .H
0
for some positive constants M and c.
 .Integrating the equation of 1.2 from x to 1 we have
d 1 11 n m n nw x , t dx s w 1, t y w x , t y w 1, t q w x , t .  .  .  .  .  .H xdt n nx
1
n mF w x , t y w x , t . 4.16 .  .  .  .xn
 .  .  .Noting that n s p ) m and w 0, t G 1, 4.14 ] 4.16 yield that
1
m nw x , t F w x , t , .  .  .x n
1 1m m m nw x , t F w 1, t F w 0, t q w x , t dx .  .  .  .Hn 0
1 1n nF w 0, t q w x , t dx .  .Hn 0
1 11 n ctF 1 q w x , t dx F M 1 q e , 0 F x F 1, t G 0. .H /  /n n0
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 .  .This shows that w x, t exists globally. Therefore, so does u x, t . Lemma
4.5 is proved.
Now we complete the proof of Theorem 2. Since m - 1,
 .  .i if 2 p F m q 1, then u x, t exists globally by Lemma 4.1,
 .  .ii if 2 p ) m q 1, and p - n or p s n F 1, then u x, t exists glob-
ally by Lemma 4.2 or 4.5; if 2 p ) m q 1, and p ) n or p s n ) 1, then
 .u x, t blows up in finite time by Lemma 4.3 or 4.4.
The proof of Theorem 2 is complete.
 .Remark. When the initial data vanish somewhere in the interval 0, 1 ,
uniqueness of the positive solution is not known. In such a case, one can
investigate the global existence and blow-up in finite time of the maximal
solution. The methods for treating such a case are similar to those used in
the present article.
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